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Bayesian Identification of LPV Box-Jenkins Models?
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scheduling variable with compact range P ⊆ Rnp , v : Z → R
is the coloured noise signal, and e ∈ R is a white noise
process with e(k) ∼ N (0, η 2 ). The p-dependent operators
A0 (p, k, q −1 ) and B0 (p, k, q −1 ) that describe the process
part (1a) of the model are polynomials in q −1 of degree
na and nb respectively:
na
X
A0 (p, k, q −1 ) = 1 +
ai (p, k, i)q −i ,
(2a)

Abstract— In this paper, we introduce a nonparametric
approach in a Bayesian setting to efficiently estimate, both in the
stochastic and computational sense, linear parameter-varying
(LPV) input-output models under general noise conditions of
Box-Jenkins (BJ) type. The approach is based on the estimation
of the one-step-ahead predictor model of general LPV-BJ
structures, where the sub-predictors associated with the input
and output signals are captured as asymptotically stable infinite
impulse response models (IIRs). These IIR sub-predictors are
identified in a completely nonparametric sense, where not
only the coefficients are estimated as functions, but also the
whole time evolution of the impulse response is estimated as a
function. In this Bayesian setting, the one-step-ahead predictor
is modelled as a zero-mean Gaussian random field, where
the covariance function is a multidimensional Gaussian kernel
that encodes both the possible structural dependencies and the
stability of the predictor. The unknown hyperparameters that
parameterize the kernel are tuned using the empirical Bayes
approach, i.e., optimization of the marginal likelihood with
respect to available data. It is also shown that, in case the
predictor has a finite order, i.e., the true system has an ARX
noise structure, our approach is able to recover the underlying
structural dependencies. The performance of the identification
method is demonstrated on LPV-ARX and LPV-BJ simulation
examples by means of a Monte Carlo study.

B0 (p, k, q −1 ) =

bj (p, k, j)q −j ,

(2b)

where the coefficient functions ai (p, k, i) : P × . . . × P → R
and bj (p, k, j) : P × . . . × P → R are shorthand notations
for ai (p, k, i) = ai (p(k), . . . , p(k − i)) and bj (p, k, j) =
bj (p(k), . . . , p(k − j)). These functions are assumed to be
smooth and bounded functions on P. In a similar fashion, the
noise model (1b) relations C0 (p, k, q −1 ) and D0 (p, k, q −1 )
are defined as
nc
X
ci (p, k, i)q −i ,
(3a)
C0 (p, k, q −1 ) = 1 +
i=1

D0 (p, k, q −1 ) = 1 +

nd
X

dj (p, k, j)q −j ,

(3b)

j=1

Identification of linear parameter-varying input-output
(LPV-IO) models has recently received significant attention,
e.g., [1], [2], [3], as the prediction error minimization (PEM)
methods have successfully been extended to the LPV case,
providing a well-understood framework for the stochastic
interpretation of the estimates [4]. Moreover, the PEM framework is well suited to a large class of noise and plant models,
see [5] for an overview. Consider a single-input single-output
(SISO) data generating LPV system described in discretetime by the following equations:
A0 (p, k, q −1 )y̆(k) = B0 (p, k, q −1 )u(k),
(1a)

where ci (p, k, i) : P × . . . × P → R and dj (p, k, j) :
P × . . . × P → R are the coefficient functions of the monic
polynomials in q −1 of degree nc and nd , respectively.
For such a general noise scenario represented by (1),
classical PEM methods lead to a nonlinear optimization
problem [4], which is sensitive to local minima and its
performance is, for example, dependent on the parametrization of (2)-(3) and also on the initial estimate. A linear
parametrization of the coefficient functions {a1 , . . . , dnd }
in terms of a user specified set of basis functions is often
required [5], which either needs a significant a priori knowledge of the underlying system or tedious repetitive execution
of the methods to synthesise an acceptable basis.
Alternatively, the so-called nonparametric setting offers an
attractive approach to capture the underlying dependencies
directly from data without specifying any parametrization in
terms of fixed basis functions. The two main streams of LPV
nonparametric identification presented in literature are: the
least squares-support vector machine (LS-SVM) methods,
e.g., [6], [7], and the Bayesian setting based approaches,
e.g., [8]. The LS-SVM and Bayesian approaches are methods
that have roots in reproducing kernel Hilbert space (RKHS)
theory and admit a `2 -regularization based interpretation [9].
In this work, we chose a Bayesian setting to formulate
a nonparmaetric estimator of the one-step-ahead predictor
of (1), preserving the generality of the hypothesized noise

(1b)

y(k) = y̆(k) + v(k),
(1c)
where k ∈ Z is the sample time, q is the time-shift operator,
i.e., q −i u(k) = u(k − i), u : Z → R, y̆ : Z → R and
y : Z → R denote the input, noise free output and noisy
output signals respectively, p : Z → P is the so-called
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i=1

j=0

I. INTRODUCTION

D0 (p, k, q −1 )v(k) = C0 (p, k, q −1 )e(k),

nb
X
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class and achieving the maximum likelihood property of
the PEM without the heavy computational complexity. Formulating the LPV-BJ identification problem in a Bayesian
framework is an extension of the nonparametric identification
setting introduced in [8], where only LPV-FIR models are
considered. For LPV-BJ setting, we define two LPV subpredictors associated to the input and output signals by
asymptotically stable infinite impulse response (IIR) models. The associated coefficient functions of these impulse
responses are captured in a jointly nonparameteric way, for
which the computational complexity remains equivalent to
a linear regression problem. The nonparametric framework
uses a kernel function that acts as a basis function generator
to describe both the functional dependencies and the timeevolution of the impulse responses of the sub-predictors.
However, an important issue is how to design the kernel
structure parametrized in terms of a few hyperparameters,
such that a large generality of dynamics can be captured.
To this aim, inspired by the approach presented in [10],
we hereby introduce a kernel function which encodes: i)
the possible structural dependencies and ii) stability of the
predictor by including a decaying term, which models a
vanishing influence of the past input-scheduling-output pairs
on the predicted output. The small set of hyperparameters
related to this kernel can be efficiently estimated by the
empirical Bayes approach, e.g., [11], via maximizing the
marginal likelihood (ML).
This paper is organized as follows: in Section II, the
IIR models of the one-step-ahead predictor of the LPV-BJ
model (1) is presented. Then, a Bayesian approach to identify
the one-step-ahead predictor is formulated in Section III.
Section IV shows the performance of the proposed nonparametric identification scheme on two illustrative examples by
means of Monte Carlo simulation studies. Finally, the paper
is concluded in Section V.

modeling. Based on this stability notion the system given
in (1) is written in terms of IIRs as shown in Theorem 2.
Theorem 2: Let the process dynamics (1a) and noise
dynamics (1b) be asymptotically stable according to Definition 1. If, in addition, the inverse noise process is also
monic and asymptotically stable, then (1) can be equivalently
represented by the following IIR form
∞
X
y(k) =
hyi (p, k, i)q −i y(k)+
∞
i=1
X
huj (p, k, j)q −j u(k) + e(k), (4)
j=0

hyi (p, k, i) : P × . . . × P → R and huj (p, k, j) : P × . . . ×
P → R are real meromorphic2 coefficient functions in the
scheduling signal p.

For a proof see the Appendix. The IIR representation makes
it possible to formulate a predictor which is only given by
the past inputs-scheduling-output signals, as shown next.
B. One-step-ahead predictor
In the prediction error (PE) setting, identification of (1) is
formulated by using (4) to define a one-step-ahead predictor
of y(k) based on only the observations of the input u(τ ) for
τ ≤ k, the scheduling p(τ ) for τ ≤ k, and the output signal
y(τ ) for τ ≤ k − 1. The basic idea is to consider the mean
of y conditioned on the past data, i.e.,
n
o
y(k|k−1) = argmin E ky(k)−δk22 | x(k) ,
(5)
δ∈R

where
{·} is the expectation operator and x(k) =
 (k) E
(k) (k−1)
u ,p ,y
is the shorthand notation of the past
measurements till time k, e.g., u(k) = {u(τ )}τ ≤k . As e(k) is
a white noise, straightforward application of the expectation
operator gives
∞
X
y(k|k − 1) =
hyi (p, k, i)q −i y(k)+
∞
i=1
X
huj (p, k, j)q −j u(k). (6)

II. G ENERAL LPV-IO M ODEL

j=0

In this section, we develop an equivalent one-step-ahead
predictor representation of (1). This form allows the identification of these models under general noise scenarios in the
linear regression framework.

The prediction error model (6) is a mixture of the functional dependencies (2) and (3) as given in the Appendix.
Hence, direct minimization of the `2 norm of the PE, i.e.,
ε(k) = y(k) − y(k|k − 1), leads to a nonlinear optimization
problem, prone to local minima. To avoid the nonlinear
optimization, it is possible to create a linear-in-the-parameter
problem by parametrizing the coefficient functions hyi and
huj as a linear combination of a set of basis functions
but for real-world problems this often results in large-scale
parametrizations [5]. Generally, such approach results in a
high estimation variance with no overall gain compared to
attempting to solve the nonlinear optimization problem.

A. The IIR form
For well-possessedness of formulating a predictor for (1)
both (1a), (1b), and the inverse noise dynamics of (1b)1 need
to correspond to asymptotically stable LPV filters as it is
given by Definition 1.
Definition 1: An LPV filter A0 (p, k, q −1 )y̆(k)
=
B0 (p, k, q −1 )u(k), is called globally asymptotically stable,
if for all trajectories of {u(k), p(k), y̆(k)} satisfying (1),
with u(k) = 0 for k ≥ 0 and p(k) ∈ P, it holds that
limk→∞ |y̆(k)|= 0.

If the noise filter (1b) is global asymptotically stable
in terms of Definition 1, then the noise v has bounded
spectral density, which is a natural assumption in data-driven

III. BAYESIAN I DENTIFICATION FOR LPV-IO MODELS
The question is how to utilize the simplicity of the IIR
form (4) but overcome the large parametrization and the
high parameter variance associated with its identification. A
solution can be found in the Bayesian framework, where the

1 Hence, we assume the existence of a stable left inverse of the corresponding IRR as detailed in the Appendix.

2 h : Rn → R is a real meromorphic function, if h = g/f with g, f
analytic functions and f 6= 0.
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where βiy = λ3 e−iλ4 is the decaying term and σy , λ3 , λ4 ∈
R+ are the hyperparameters.
In addition, due to the asymptotic decay of the coefficient
functions, the IIR sub-models in (6) can be arbitrary well
approximated by truncating the infinite sum as
nfy
X
ŷ(k|k − 1) =
hyi (p, k, i)q −i y(k)+
nf u
i=1
X
huj (p, k, j)q −j u(k), (10)

functional dependencies hyi and huj are estimated nonparametrically and, in addition, a regularization is introduced to
keep the variance of the estimates low by a sacrifice of a
small amount of estimation bias.
A. Mixture of Gaussian kernels for LPV-IO models
Inspired by the approach introduced in [10], IIRs based
model (4) can be considered as a standard Gaussian process
regression model, i.e., y(k) = f (x(k) ) + e(k), where f is
a particular realization from a zero-mean Gaussian random
field, i.e., f ∼ GP(0, K), which is the priori assumption in
our Bayesian setting. The Gaussianity assumption implies
that, in order to define f , the covariance K of the random
field is required to be specified. The latter express the time
and scheduling evolution of the functional form of the IIRs
which is estimated. As the IIRs in (4) correspond to the
sum of two “sub-models”, hence, f can be viewed as a sum
of two zero P
mean Gaussian random fields f u , f y , i.e., f =
P
∞
∞
y
u
j=0 fj . Due to our orthogonality assumption,
i=1 fi +
it follows that E{f u f y } = 0 and, hence, the covariance
function for f can be expressed as
n
o
0
0
K(x(k) , x(k ) ) = E f (x(k) )f (x(k ) )
=

∞
X
i=1

0
Kiy (x(k) , x(k ) )

+

∞
X

j=0

where nfy and nfu are sufficiently large. In the same line of
reasoning, the covariance functions (7) can be truncated to
the same finite orders nfy and nfu .
B. Estimation from data
The objective is to estimate the predictor (6) by the
truncated model (10) from a given data set DN =
{y(k), u(k), p(k)}N
k=1 by minimizing the `2 norm of the
predictor error ε(k) = y(k) − ŷ(k|k − 1). Let θ denote the vector of the unknown>hyperparameters, θ =
η σy σu λ1 λ2 λ3 λ4
, with η the standard
deviation of the noise e in (1b). Let n = max(nfu , nfy )
denote the maximum truncation order and let y N dethe observations, i.e., y N =
note the vector with
>
yn+1 . . . yN
. In the Gaussian regression framework, two estimates minimizing this `2 norm can be formulated, the first one is the minimum variance estimator of
f conditioned on a fixed θ [11]:
N
X

ck - n K(•, x(k) ),
(11)
fˆ(•) = E f (•)| y N , θ =

0

Kju (x(k) , x(k ) ), (7)

j=0

where K is a mixture of Gaussian kernels Kiy , Kju , which
represent the covariances of fiy , fju between time k and
k 0 respectively. In the Bayesian identification framework,
the covariance (7) should be parameterized with a priori
information to include possible structural dependencies and
asymptotic stability of the predictor. A popular choice in
system identification to capture functional dependencies is to
use Gaussian kernels, also known as radial basis functions
(RBFs) (e.g., see [11]), which only encode information on
the smoothness of the underlying function to be estimated.
Therefore, a decaying term, introduced in [10], is included in
the kernel to express the decay of the impulse response over
time. Hence, the covariance Kju of the function fju takes the
following form
n
o
0
0
Kju (x(k) , x(k ) ) = E fju (x(k) )fju (x(k ) ) =
!
0
kp(k,j)−p(k ,j) k22
u
u(k 0 −j), (8)
u(k −j) βj exp −
σu2
|
{z
}

k=n+1

where x(k) is the set of truncated past measurements, i.e.,
x(k) = {u(k,nfu ) , p(k,n) , y (k,nfy ) } and ck - n is the k-th
component of the vector
c = (Σy (θ))−1 y N ,
and Σy∈ RN - n×N - n is invertible with an (i, j)-entry given by
[Σy (θ)]i,j = K(x(n+i) , x(n+j) ) + η 2 δi,j ,
where δi,j is the Kronecker delta function w.r.t. (i, j). The
second estimate is the marginal likelihood of the data y N
given θ:
exp (− 21 (y N )> (Σy (θ))−1 y N )
p
.
(12)
p(y N |θ) =
det(2πΣy (θ))
The latter expression is used in the empirical Bayes approach, e.g., see [12], to estimate the unknown hyperparameters vector θ parametrizing the kernel K. This is achieved
by maximizing the ML or equivalently

Rju (p(k,j) ,p(k0 ,j) )

where p(k,j) is a vector of the past
 measurements starting
>
from time k till k−j, i.e., p(k,j) = p> (k), . . . , p> (k − j) ,
βju = λ1 e−jλ2 denotes the exponential decaying term,
and σu , λ1 , λ2 ∈ R+ are the unknown hyperparameters
parametrizing the kernel. Similarly, the covariance Kiy is
n
o
0
0
Kiy (x(k) , x(k ) ) = E fiy (x(k) )fiy (x(k ) ) =
!
0
kp(k,i)−p(k ,i) k22
y
y(k −i) βi exp −
y(k 0−i), (9)
σy2
|
{z
}

θ̂ = argmin − log p(y N |θ).

(13)

θ

This nonlinear program can be solved by a standard linesearch algorithm, e.g., fmincon in Matlab due to the
low number of hyperparameters and the structure of (12).
According to the empirical Bayes approach, the estimate
fˆ in (11) can be obtained by substituting the optimized
θ̂ of (13). Hence, the minimum variance estimate (11) of
individual coefficient functions are

Riy (p(k,i) ,p(k0 ,i) )
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ĥyi ( ) =
•

N
X

ck - n y(k − i)Riy (p(k,i) , •),

(14a)

ck - n u(k − j)Rju (p(k,j) , •).

(14b)

92

ĥuj (•) =

N
X

BFR [%]

k=n+1

k=n+1

The corresponding covariance estimate of the individual
coefficient functions is given by
covĥyi (•) = Riy (•, •)−(ψiy )> (Σy (θ))−1 ψiy,

(15a)

Rju (•, •)−(ψju )> (Σy (θ))−1 ψju,

(15b)

covĥuj (•) =

90
Oracle
n=2
n=5
n = 10

88
200

500

1000

Sample size [-]

Fig. 1: The BFR of the predicted response with respect to the

where

validation data sets using the estimated models based on different
truncation orders n = {2, 5, 10} and different sizes of the identification data set N = {200, 500, 1000}.

ψiy = [Riy (•, p(n +1,i) )y(n-i+1), . . . , Riy (•, p(N,i) )y(N - i)]>,
ψju = [Rju (•, p(n+1,j) )u(n-j+1), . . . , Rju (•, p(N,j) )u(N -j)]>.

in both examples a plant model order of na = nb = 2, and
coefficient functions
a1 (·) = 0.1p2 (k − 1),
(16a)

In case the data-generating system has an LPV-ARX
representation, then the individual coefficient functions ai
and bj correspond to hyi and huj , respectively; hence, the
coefficient functions are identified by the quantities (14b)
and (14a) directly. The decaying terms keep the estimation
variance low even if a high truncation order nfy , nfu is
selected, hence, the selected “truncation order” plays an
insignificant role in the bias/variance trade-off.
Assume that the one-step-ahead predictor (6) belongs
to the RKHS HK associated to the kernel K (7) with
parametrization (8)-(9). In addition, if λi → 0 as N → ∞
for each i, and the same technical assumptions stated in [13]
hold, then the estimator functions ĥ (14) are consistent, i.e.,
ĥ → h with probability one in the topology of HK .

a2 (·) = tan−1 (p(k − 1)) cos(p(k − 2)),

(16b)

b0 (·) = − exp(−p(k)),

(16c)

2

b1 (·) = 1 − 0.5p (k) + p(k − 1),
b2 (·) = tan

−1

(p(k − 2)).

(16d)
(16e)

Note, the nonlinear functions (16) have dynamic dependencies on the scheduling variable, i.e., the functions depend on
p with different time shifts. The noise process is given in
the corresponding sections, Sections IV-B and IV-C. In the
given examples λ1 = λ3 , λ2 = λ4 , and σu = σy , to reduce
computational complexity of the ML optimization (13). The
performance is measured by means of the best-fit ratio (BFR)
(
)
PN
1
k=1 ky(k) − ŷ(k)k2
N
, 0 100%, (17)
BFR=max 1− 1 PN
k=1 ky(k) − ȳk2
N

IV. I LLUSTRATIVE EXAMPLES
In this section, the performance of the proposed nonparametric approach to identify the one-step-ahead predictor is
demonstrated by two Monte Carlo studies. The identification
scheme is applied to two different examples: 1) an LPV-ARX
model and 2) an LPV-BJ model.

where ŷ(k) is the predicted output by the estimated one-stepahead predictor on the validation dataset and ȳ defines the
mean of the true output y(k).

A. Identification setting

B. Example 1: identifying an LPV-ARX model

The one-step-ahead predictor is estimated using identification datasets with various sizes N = {200, 500, 1000}
and the prediction performance of the estimated model is
examined on an independently generated validation dataset
that contains Nval = 500 samples. The identification and
validation datasets are generated with independent realizations of a white input signal u with Gaussian distribution,
i.e., u(k) ∼ N (0, 1), and a scheduling signal given by

For the LPV-ARX model, the noise process (1b) is driven
by C0 (p, k, q −1 ) = 1 and D0 (p, k, q −1 ) = A0 (p, k, q −1 ).
Both, plant and noise processes lie within the model set (4)
for finite model order, i.e., the one-step-ahead predictor (10)
has a one-to-one relation with the underlying data-generating
system. Hence, the proposed nonparametric identification
scheme should fully recover the structural dependency of
the original coefficients functions.
In this example, the performance of an ‘oracle’ estimator is
also displayed, which is a least squares (LS) based parameter
estimate of an ARX model with the true model order and true
underlying nonlinear functional dependencies, e.g., hyi = ai ,
huj = bj . The oracle represents the maximum achievable
performance given the dataset.
In Fig. 1, the BFR is shown for the oracle and the
identified one-step-ahead predictor for different truncation
orders n = {2, 5, 10} and different sample sizes N =
{200, 500, 1000}. Fig. 1 shows that as the sample size
increases, the average BFR increases and the variance

p(k) = 0.4 sin(0.1k) + 0.1 + δp (k),
where δp (k) is i.d.d. with δp (k) ∼ U(0, 1). The variance of
the white noise e driving the noise process is chosen such
that the signal-to-noise (SNR) ratio
PN
y(k)2
SNRy = 10 log Pk=1
,
N
2
k=1 v(k)
is 20dB. For each of the datasets and each of the NMC = 100
Monte Carlo simulations, different realization of the noises
u, δp , and e are taken. The LPV data-generating system has
69

92

90

−0.5

BFR [%]

b0 (·)

0

Estimated
True
95% Conf.

−1
−1.5

0

0.5

1

88
Oracle
n=2
n=5
n = 10

86
200

1.5

500

1000

Number of samples [-]

p(k)

Fig. 4: The BFR of the predicted response with respect to

the validation data sets using the estimation models for different
truncation orders n = {2, 5, 10}, different sizes of the identification
data set N = {200, 500, 1000}.

a2(.)

1

given as

0.5

c1(·) = 0.8p2 (k − 1), c2 (·) = 0.5 tan−1 (p(k − 2)),

2

0
Estimated
True

-0.5
-0.5

0

0.5

1

d1(·) = 0.2p3 (k − 1), d2 (·) = 0.5 sin(p(k − 2)).

1

Note, under this general noise assumption, the coefficient
functions in (6) are summations of different products of the
functions ai , . . . , di , i.e., see (24a) and (24b), contrary to
the LPV-ARX case. For this case, the ‘oracle’ is an LS
estimate of a high-order ARX model parametrized in terms
of the true underlying nonlinear functional dependencies, i.e.,
these summation of the different products of the functional
dependencies ai , . . . , di in (24). The chosen truncation order
is n = 12, which has been tuned to have the highest average
BFR and lowest variance.
Fig. 4 shows the BFR for the identified one-step-ahead
predictor with the proposed Bayesian approach under different truncation orders and sample sizes. In this figure, it
can been seen that increasing the truncation order slightly
increases the average BFR. According to our expectation,
all predictors benefit from increasing the amount of samples
in the identification dataset, which is evident in an increased
BFR and a decreased BFR variance.
The figures show that the Bayesian approach estimated
one-step-ahead predictor is capable of capturing the plant and
noise dynamics, concluding that the proposed nonparametric
identification scheme is able to identify the LPV model under
general nonlinear noise conditions.

0 p(k-1)

1.5 -1

p(k-2)

Fig. 2: Results of the function estimation with n = 10, N = 1000.
decreases, as expected, as the kernels come closer to the
true covariance of (16). The nonparametric identification
approach is very efficient, as it comes close to the oracle
and, in contrary to the oracle, the functional dependencies
in the scheduling variable are also estimated. This high
performance is also evident in Fig. 2, which shows that the
true and estimated functions b0 and a2 .
Furthermore, the hyperparameters for the truncation order
selection are given in Fig. 3. The ML optimization also
successfully recovers the model order from the data, i.e.,
the function estimates ĥyi , ĥui for i > 2 are estimated with
an insignificant magnitude. For this reason, no significant
increase of variance of the BFR or decrease in mean of the
BFR is noticed in Fig. 1, compared to the case where this
exponential decay would not be included, e.g., see [14].
C. Example 2: identifying an LPV-BJ model
In this second example, the capabilities of the approach
under general noise conditions are demonstrated. The noise
process v in this case is a colored noise generated by a
filtered white noise, where the coefficient functions (3) are

V. C ONCLUSIONS
We reformulated the BJ problem as an impulse response
identification problem based upon the one-step-ahead predictor form of these models. Under the assumption that the
resulting sub-predictors are asymptotically stable, a nonparametric identification approach has been introduced based on
the Bayesian setting with a Gaussian random field as a priori.
As an important contribution, a suitable choice of a kernel
to jointly express the time convolution and the scheduling
dependency in terms of a few hyperparameters has been
proposed. These hyperparameters are tuned by an empirical
Bayes approach, i.e., maximizing the marginal likelihood
based on data. It is shown that the proposed nonparametric
approach is capable of achieving consistent estimation of

βi (·)

15
10
5
0

2

4

6

8

(18)

10

i [-]

Fig. 3: The βi = λ1 exp(−iλ2 ) function optimized based on
N = 1000 samples with truncation order n = 10. The estimated
hyperparameters are λ1 = 182 and λ2 = 2.45.
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LPV-BJ models and it is capable of recovering the true
structural dependencies.

and
Fu (p, k, q

A PPENDIX
P ROOF OF T HEOREM 2

R EFERENCES

(19)

}

As asymptotic stability of (1b) in terms of Definition 1 is
assumed, it is possible to show that (19) is convergent, such
that
∞
X
hi (p, k, i)q −i ,
(20)
Hk (q) = 1 +
i=1

where hi converges to the zero function as i → ∞. Note
that Ck (q) and Dk (q) being monic, implies that the IRR
(20) is monic as well. Similarly, the plant process (1a) can
be rewritten as
∞
X
i
(1 − Ak (q)) Bk (q) uk ,
y̆k =
(21)
i=0

|

{z

}

Gk (q)

which, due the assumed asymptotic stability of (1a) in terms
of Definition 1, is convergent, given
∞
X
Gk (q) =
gi (p, k, i)q −i ,
(22)
i=0

where gi converges to the zero function as i → ∞. Assume
that the monic Hk (q) has a stable left inverse Hk† (q), i.e, a
convergent monic IRR exists such that Hk† (q)Hk (q) = 1. As
Hk (q) is monic, if such a Hk† (q) exists, then it is a bi-lateral
inverse of Hk (q), i.e., Hk† (q)Hk (q) = Hk (q)Hk† (q) = 1.
Now, if we substitute (20) and (22) into (1c), then it follows
yk = Gk (q)uk + Hk (q)ek


= 1 − Hk† (q) yk + Hk† (q)Gk (q) uk + ek .
|
{z
}
|
{z
}
−1
Fu (p,k,q

Fy (p,k,q −1 )

j

(1 − Ak (q)) Bk (q). (24b)
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i=0

{z

∞
X

To conclude the proof, the maximum backward time-shifts
for p in the functional dependencies of (24) does not exceed
the maximum backward time-shifts for u and y in (23).
Therefore, (23) can be rewritten as (4).

= Ck (q)ek +(1−Dk (q))Ck (q)ek

Hk (q)

i

(1 − Ck (q)) Dk (q)·

j=0

vk = Ck (q)ek + (1 − Dk (q))vk ,

|

)=

∞
X
i=0

Due to the sake of space, only a brief overview of the proof
is given. For all details see [4]. For notational ease, define
Ak (q) , A0 (p, k, q −1 ), . . . , Dk (q) , D0 (p, k, q −1 ) and let
uk , u(k), . . . , ek , e(k). By using recursive substituion,
it is possible to rewrite the noise process (1b) as3

+(1−Dk (q))(1−Dk (q))vk ,
..
. ∞
X
i
=
(1 − Dk (q)) Ck (q) ek .

−1

(23)

)

Hk† (q)

As
and Gk (q) are convergent, asymptotically stable
IIRs, then it follows that Fy and Fu in (23) are also
convergent and represent asymptotically stable LPV filters,
given by
∞
X
i
Fy (p, k, q −1 ) = 1 −
(1 − Ck (q)) Dk (q),
(24a)
i=0
3 Note,

multiplication between the shift operator and a coefficient function
is non-communicative, hence, q −1 Ck = Ck−1 q −1 (see [15] for details).
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